A NOTE ON FOURIER-JACOBI COEFFICIENTS OF 
SIEGEL MODULAR FORMS 



SANOLI GUN AND NARASIMHA KUMAR 

Abstract. In this note, we estimate the growth of the Petersson 
norms of Fourier- Jacobi coefficients fm, for m's in arithmetic pro- 
gressions, of Siegel cusp forms F of weight k and genus n > 1. As 
a consequence, we strengthen a result of Bocherer, Bruinier, and 
Kohnen in 1 , and sharpen the result of Kohnen in [5] . 



1. Introduction 

Let Tin be the Siegel upper half-plane of genus tt, > 1 and r„ 
Sp„(Z) be the full Siegel modular group. For k,n G N, let S'fc(r„) 
denote the space of Siegel cusp forms of weight A; on r„. 

If Z E Tin, then write Z = ^/), where r G 'Hn-i, z G C^^"*^, and 
t' G "Hi. For any F G S'fc(r„) with n > 1, the Fourier- Jacobi expansion 
of F{Z) relative to the maximal parabolic group of type (n — 1, 1) is 
of the form 

F(Z) = 5^/„(r,^)e2™'. 

m>l 

The functions fm belong to the space J^^^ of Jacobi cusp forms weight 
k, index m, and of genus n — 1, i.e., invariant under the Jacobi group 
Ti_, := r„_i K Z"-i X For f,ge we let 

{f,g)= I f{T,z)^{^{deivf-''-^e-^'''^''~'^y'^dudvdxdy 

-''r;(_i\'H"-ixC"-i 

be the inner product of / and g, and where T = u + iv,z = x + iy. 

Let g > 2 be a natural number and a G Z such that (a, q) = 1. In [H 
Thm. 1] , Bocherer, Bruinier, and Kohnen showed that for any non-zero 
function F in S'fc(r„)(n > 1) with Fourier- Jacobi coefficients fm-, there 
exists infinitely many m G N with m = a (mod q) such that fm 7^ 0, 
i.e., {fm, fm) 7^ 0. However, there was no information on the estimates 
of the Petersson norms of fm, for m = a (mod q), from above or below 
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with respect to m^~^. For more details on estimating the Petersson 
norms of fm with respect to m'^"", for < a < 1, we refer the reader 
to the beautiful introduction of Kohnen in [5]. 

In this note, we strengthen this theorem by showing that there exists 
infinitely many m G N with m = a (mod q) such that {fm, fm) > 
CFTn^~^ with Ci? > (see Theorem 13.11 in the text). In particular, this 
also sharpens the result in [5], where it was shown that there exists 
infinitely many m > 1 such that {fm,fm) > cm''~^, where c > is 
essentially the Petersson norm of F, to m's in arithmetic progression. 

Our results uses a melange of methods from pQ, [5], and repeated 
application of the Main Lemma in [S]. 

2. Preliminaries 

Let F be a non-zero cusp form in S'fc(r„)(n > 1) with Fourier- Jacobi 
coefficients {/m}meN- By Kohnen, Skoruppa [2j and Krieg [B], we know 
that {fm, fm) (the constant in <^ depends only on F). Hence, 

for g G N and a G Z such that (a, q) = 1, the Dirichlet series 

{fm, fm) 



D{s;a,q,F):= 



m>l 

m = a (mod q) 

converges for s G C with 3ft(s) > + 1. 

Proposition 2.1. The Dirichlet series D{s; a, q, F) converges for 3fJ(s) > 
k and has only one real simple pole at s = k. Moreover, it vanishes at 
s = 0,-l,-2,---. 

Proof. Let x be a Dirichlet character mod q. The Dirichlet series 

XM(/m,/m) 



m>l 



converges for s G C with 3?(s) ^0. By [4], [5], the complete Dirichlet 
series 

extends to a holomorphic function on C when x Xo, where Xo is the 
principal Dirichlet character. On the other hand, when x = Xo, 
knows that Y)*{s,Xo, F) has a meromorphic continuation to C with a 
simple real pole at s = A; (see [U page 495] and the remark in page 7 
of H). 

Recall that the poles of T{s) are at s = 0, —1, —2, ■ ■ ■ , and if 7^ xo, 
then the real zeros of L{s, x^) are at s = 0, —2, —4, ■ ■ ■ , since is an 
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even character. Moreover, all these zeros and poles are simple. With all 
these informations in hand, we can now study the nature of D{s, x, F) 
and also about its real non-positive zeros. 

If X 7^ XO) then D[s,x,F) extends to a holomorphic function on C 
and vanishes at s = 0, —1, —2, ■ ■ ■ . 

If X = Xo, then D{s, xo, has a meromorphic continuation to C pos- 
sibly with a simple real pole at s = k. Indeed, the function D{s, xo, F) 
has a simple real pole at s = k, since D*(s, xo, F) has a simple real pole 
at s = A; and none of the functions L{2s — 2k + 2n, x^)? T{s — k + n), T{s) 
have a zero or pole at s = k and they are holomorphic there. Further- 
more, the series D{s, Xo, F) vanishes at s = 0, —1, —2, ■ • • . 

Now, by the orthogonality of characters x (mod q), we note that 

D{s;a,q,F) = "TT X] x(a~^H(/m, /m)m"' 

^^^^ m>l X (mod q) 

= -7^ E Xia-') Dis,x,F) ioT^is)>k. 

X (mod g) 

Hence, the Dirichlet series D{s] a, q, F) has a meromorphic continuation 
to C with a simple pole at s = k and vanishes at s = 0, —1, —2, ■ ■ ■ . □ 

We finish this section, by recalling a result on Dirichlet series with 
oscillating coefficients that was proved in [7], [8], which is an application 
of classical Landau's theorem. 

Theorem 2.2 (Pribitkin [7],[H]). Let F{s) = J2n=i ^ a non-trivial 
Dirichlet series with an G M, and it converges somewhere. If F{s) 
is holomorphic on the whole real line and has infinitely many real ze- 
ros, then the sequence {flnj^JLi is oscillatory, i.e., there exists infinitely 
many n such that a„ > 0, and similarly there exists infinitely many n 
such that an < 0. 



3. Statement and proof of the Main Result 

Recall that, we are interested in estimating the growth of Petersson 
norms of Fourier- Jacobi coefficients fm, of Siegel cusp forms F of weight 
k and genus n > 1, for m's in arithmetic progression. As a consequence, 
we strengthen Theorem 1 of [1]. 

By Proposition 12.11 we know that D{s; a, q, F) has a pole at s = k, 
and let cp denote the residue. Observe that cp depends only on q, but 
we suppress this from the notation, as we dont need this fact. Recall 
that, 1 < g G N and a G Z such that (a, q) = 1. 
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Theorem 3.1. For n > 1, let F be a non-zero cusp form in Ski^n) 
with Fourier- J acobi coefficients {fm}mm- Assume that cp is real. Then 
Cp is positive. Moreover, there exists infinitely many m with m = a 
(mod q) for which {fm, fm) > Cpm^-'^. 

Proof. Consider the Dirichlet series 

D{s; a, q, F) = D{s; a, q, F) - CfC{s -k+1), 3fJ(s) > k, 

where cp is the residue of D{s; a, q, F) at s = k. 

By Proposition 12.11 this series has a meromorphic continuation to C 
with no poles on the real line and vanishes aX s = k — 1 — 2t, where 

teN, t> (fc- l)/2. 

For m > 1, let 



be the general coefficient of D{s]a,q,F). The function D{s;a,q, F) 
cannot be identically trivial, since the /3(m)'s are non-zero for m ^ a 
(mod q). 

If Of < 0, then /3(m) > for all m, which contradicts Theorem 12.21 
which says that there are infinitely many sign changes for /3(m)(m G 
N). Hence, the real number cp > 0. In this case, again by Theorem 12. 2^ 
we see that there exists infinitely many m with m = a (mod q) such 
that (fmjm) > cpm''-\ □ 

In particular, the above theorem strengthens a theorem of Bocherer, 
Bruinier, and Kohnen on non-vanishing of Fourier- Jacobi coefficients 
of Siegel modular forms, see [H, Thm. 1] . 

We remark that a similar method, as above, may not be applicable 
in showing the existence of infinitely many m with m = a (mod q) 
such that {fm, fm) < cpm^~^ . However, if g = 2, then we can prove 
this statement. More precisely, we show: 

Theorem 3.2. For n > 1, let F be a non-zero cusp form in SkiXn) 
with Fourier- J acobi coefficients {fm}mm- Let dp be the residue of the 
series D{s;l,2, F) at s = k. Assume that dp is real. Then dp > 0, 
and there exists infinitely many m G N with m = 1 (mod 2) such that 
{fm, fm) > dpm^-^, and similarly for {fm, fm) < dpiW'-^. 

Proof. Consider the Dirichlet series 




k-l 



if m = a (mod q) 
otherwise 




.;l,2,F)-cUl-2-(^-'=+i))C(5-fc + l), 
idue of L'(s;l,2,F) at s = A;. 
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For m > 1, let 

f (/m, fm) - Cpm!"-^ if m = 1 (mod 2) 
' ' I otherwise 

be the general term of D{s\ 1, 2, F). 

By Proposition I2.H this series has a meromorphic continuation to C 
with no poles on the real line and vanishes at s = /c — 1 — 2t, where 
t e N, t> {k-l)/2. 

li c'p < 0, then /3(m) > for all m > 1, which contradicts Theo- 
rem I2.2[ Hence the residue c'p > 0. Now, we show that the function 
D{s; 1, 2, F) cannot be identically trivial. Unlike in the proof of Theo- 
rem [3]T1 here we need a different argument to prove this statement. If 
the function D{s] 1, 2, F) identically trivial, then 

D{s; 1, 2, F) = 4(1 - 2-(^-'=+i))C(s -k + 1). 

Now, evaluate the above expression at s = (resp., at s = —1) if k is 
even (resp., if k is odd), to see that c'p = 0, since the series D{s; 1, 2, F) 
has zeros at s = 0, —1, by Proposition 12.11 Again by the same proposi- 
tion, we see that c'p cannot be equal to zero, as D{s;l, 2, F) has a pole 
at s ^ k. 

Since Z)(s;l,2,F) is non-trivial, the theorem follows from Theo- 
rem 12.21 which states that there are infinitely many sign changes for 
/3(m)(m > 1). Hence, there exists infinitely many m = 1 (mod 2) such 
that (/„, fm) > c'pm^-^, and similarly for /„) < c'pm^~^. □ 

In the proof above, we have used that ({s, 1/2) = (2'^ — 1)C('5). This 
proof can't be generalized for q ^ 2, since ({s,a)/({s) is entire if and 
only if a = 1/2 or 1, where ({s, a) is the Hurwitz zeta-function (cf. p]). 

4. When the residue cp eC\R: 

In this section, we consider the case when the residue cp of D{s] a, q, F) 
ai s = k belongs to C\]R. In this case also, we can obtain results which 
are similar to the ones in the previous sections. 

Theorem 4.1. For n > 1, let F be a non-zero cusp form in S'fc(r„) 
with Fourier- Jacobi coefficients {fm}mm- Let cp be the residue of the 
Dirichlet series D{s;a,q,F) at s = k. If cp G C \ M , then ^{cp) > 
0, and there exists infinitely many m with m = a (mod q) for which 

{fm,fm)>^{cp)m'^-\ 

Proof. Suppose that cp = c -\- iy with c, y G M, y 7^ 0. Consider the 
Dirichlet series 

D{s; a, q, F) = D{s; a, q, F) - cpC{s -k + 1) for 3?(s) > k. 
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First note that c 7^ 0. If not, by Theorem 12.21 we see that {fm, fm) = 
for all m = a (mod q). This is a contradiction to [I], Lem. 3]. 

By arguing as in Theorem I3.H one can show that c cannot be neg- 
ative. Hence, c = ^{cp) > 0. Now the theorem follows by the Main 
Lemma in |8] . Hence, there are infinitely many m with m = a (mod q) 
such that (/m, fm) > '^{cF)m^~^. □ 

We finish this note with the following theorem, which is a generaliza- 
tion of Theorem 13. 2[ The proof of this theorem is similar to the proofs 
of Theorem 13.21 and Theorem 14.11 hence we omit the proof. 

Theorem 4.2. Let F be a non-zero cusp form in Sk{Tn) with Fourier- 
Jacobi coefficients fm (m > 1). Let q be a prime number and let cp 
be the residue of D{s;a,q,F) for some 1 < a < q — 1 (hence for all 
a). Then ^{cp) > and there exists 1 < b,c < q — 1 such that the 
following holds: 

• there exists infinitely many m G M with m = b (mod q) such 
that {fm,fm) > 'R{cF)m^~^, and 

• there exists infinitely many m E N with m = c (mod q) such 
that {fmjm) < ^{cF)m''-^. 

Corollary 4.3. If q = 2 and cp G M, then Theorem \3.B is a special 
case of the theorem above. 
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